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CONVEX DUALITY WITH TRANSACTION COSTS 


YAN DOLINSKY AND H.METE SONER 
HEBREW UNIVERSITY OF JERUSALEM AND ETH ZURICH 


Abstract. Convex duality for two two different super-replication problems 
in a continuous time financial market with proportional transaction cost is 
proved. In this market, static hedging in a finite number of options, in addition 
to usual dynamic hedging with the underlying stock, are allowed. The first 
one of the problems considered is the model-independent hedging that requires 
the super-replication to hold for every continuous path. In the second one the 
market model is given through a probability measure P and the inequalities 
are understood P almost surely. The main result, using the convex duality, 
proves that the two super-replication problems have the same value provided 
that P satisfies the conditional full support property. Hence, the transaction 
costs prevents one from using the structure of a specific model to reduce the 
super—replication cost. 


1. Introduction 

The problem of super-replication is a convex optimization problem in which 
the investor minimizes the cost of a portfolio among those satisfying the hedging 
constraints. In the classical case the financial market is frictionless and the investors 
can buy or sell any quantity of the stocks and other financial instruments at the same 
price. Then, the corresponding problem is linear and the optimization problem is in 
fact an infinite dimensional linear program. In the quantitative finance literature, 
this problem is well studied and is known to be related to arbitrage. One central 
result is a convex duality result, which contains deep financial insights including 
the fundamental theorem of asset pricing. 

In the celebrated papers [giiniiiH] the financial market is modelled through a 
probability measure P that describes the future movements of the stock prices in 
the time interval [0,T]. The stock price process S and the measure P are defined 
on a probability space and a filtration F = {.Pt}{tG[o.T]}- The main object of 
study is an uncertain liability that will be revealed in the future. It is usually 
modelled through a J-t measurable random variable ^ and the main goal is to 
reduce the risk related to ^ by appropriately trading in the financial market. The 
investment opportunities is given abstractly through a linear set A denoting the set 
of all admissible portfolios tt with a final portfolio value at time T. Then, the 
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super-replication problem is to minimize the cost among all portfolios that reduces 
the risk related to the liability f to zero. Mathematically, 

(1.1) y(^):=inf I /l(7r) ; 37r € M such that .ZJ > ^, P — a.s. | , 

where C{'k) £ M is the cost of the portfolio tt. Once a market model is fixed through 
a probability measure P, then all statements are supposed to be understood P- 
almost surely. Hence, the only role of the probability measure P is to describe 
the null sets or equivalently all impossible future scenarios. Any other probability 
measure that is equivalent to P (i.e., any measure with the same null sets) would 
yield the same super-replication cost. This problem is studied extensively when 
the market is frictionless or equivalently C is linear and when only the adapted 
dynamic trading of the stock without constraints is considered. Under no-arbitrage 
type assumptions and mild technical integrability conditions, the convex dual is the 
following maximization problem, 

D{0 := sup Eq [^], 

QGQ 

where Q is the set of all “martingale” measures that are equivalent to P. Precise 
statements in continuous time are technical and we refer the reader to the seminal 
paper of Delbaen & Schachermayer [10] . 

These classical results were then extended to markets with trading frictions. It 
is shown that super-replication in markets with (proportional) transaction costs 
is prohibitively costly as first proved in Soner Shreve & Cvitanic [23] and later 
generalized in Leventhal & Skorohod m, Cvitanic, Pham & Touzi |5], Bouchard & 
Touzi [B], Jakubenas, Levental, & Ryznar Guasoni, Rasonyi & Schachermayer 
m, Blum |4] and for the game options in Dolinsky In all of these examples, 
the super-replication cost is minimized among all “trivial” strategies. Hence, the 
investor does not benefit from dynamic hedging when the objective is to super 
replicate with certainty. Also in all of these examples not the null sets of P but 
rather the support of it is important. The related question of fundamental theorem 
of asset pricing and super-heding duality with a given P is studied by Schachermayer 
[20l 121] and the references therein. 

One may reduce the hedging cost by including liquid derivatives in the super- 
replicating portfolio. In particular, this might be the case for semi-static hedging 
which is detailed in the next section. Namely, the investor is allowed to take 
static positions in a finite number of options (written on the underlying asset) with 
initially known prices. In addition to these static option positions, the stock is also 
traded dynamically and all of these trades are subject to proportional transaction 
costs. In terms of the above notation, the set A of admissible portfolios is enlarged 
by static option trades but the transaction costs make the cost functional £ to be 
convex rather than to be linear as in the classical papers. We refer the reader to 
the survey of Hobson [16], a recent paper of the authors [14] and the references 
therein for information on semi-static hedging in continuous time. 

While the model-independent approach with semi-static hedging received con¬ 
siderable attention in recent years, there are only few results for such markets with 
friction. Indeed, recently the authors proved a model independent duality result for 
semi-static hedging with transaction costs in discrete time m- Again in discrete 
time a fundamental theorem asset pricing was studied in Bayraktar & Zhang [2] 
and in Bouchard & Nutz [5] in markets with transaction costs. These later papers 
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consider the quasi-sure criterion given by a set of probabilistic models. To the best 
of our knowledge, in continuous time semi-static hedging with transaction costs 
under model uncertainty has not yet been studied. 

In this paper, we consider a continuous time financial market which consists of 
one risky asset with continuous paths. In such a financial market we study two 
super-replication problems of a given (path dependent) European option. We as¬ 
sume that the dynamic hedging of the stock as well as the static option trading 
are subject to transaction fees. In the first problem, the market model is given 
through a probability measure P. Then, the optimization problem corresponds to a 
straightforward extension of CH). The second one is the model-independent prob¬ 
lem referring to super-replication for all continuous stock price processes. Namely, 
in CU) we require the inequality Z'!^ > ^ to hold not P-almost surely but rather 
for every possible stock price path. These definitions are given in the subsection 
12.51 below. 

Our main result Theorem 12.71 states that these two problems described above 
have the same value provided that the distribution P of the stock price process 
satisfies the conditional full support property, see Definition 12.61 below. Hence, in 
the presence of transaction costs the knowledge of the model does not reduce the 
super-replication cost. This explains the earlier results on super-replication with 
friction and why the optimal hedge in these examples are the trivial ones. 

Theorem 12.71 is proved under regularity Assumptions 12.1112.21 and a no-arbitrage 
type of condition Assumption 12.31 below. However, we do not assume any admis¬ 
sibility conditions on the portfolio. Furthermore, we provide a duality result for 
the mutual value in terms of consistent price systems on the space of continuous 
functions that are consistent with the option prices. This duality is very similar to 
the one proved in discrete time in m- 

The proof of Theorem 12.71 is completed in four major steps. First, we reduce 
the problem to bounded payoffs by applying the pathwise inequalities which were 
obtained in Acciaio et.al. [1] and earlier by Burkholder [7]. In the second step, we 
obtain a lower bound for the super-replication cost in the case where the model is 
given. This bound is expressed in terms of modified model-free super-replication 
problems with appropriately lowered rate of transaction costs. The third step is to 
derive an upper bound for the model-free problem. This step is done by applying 
the recent results of Schachermayer [2T] together with a lifting procedure similar 
to the one developed in our earlier work [H]. The last step is a probabilistic proof 
for the equality between (the asymptotic behaviour of) the lower and the upper 
bounds. 

The paper is organised as follows. Main results are formulated in the next 
section. In Section |3l we reduce the problem to bounded claims. A lower bound 
for the super-replication price in a given model is obtained in Section |4l Section [5] 
derives an upper bound for the model-free super-replication price. The last section 
is devoted to the proof of the equality between the lower and the upper bounds. 
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2. Preliminaries and main results 

2.1. Market and Notation. The financial market consists of a savings account 
which is normalized to unity i?* = 1 by discounting and of a risky asset St, t € [0, T], 
where T < oo is the maturity date. Let s := So > 0 be the initial stock price and 
without loss of generality set s = 1. We assume that the risky asset could be any 
continuous process with this initial data. 

In the sequel, we use the following notations. For s >0, t G [0,T), we set 

Ct[t,T] := { / : [t,T] -)■ [0,oo) | / is continuous, f{t) = s }, 

C+[t,T] ■.= [jCt[t,T] 

s>0 

and for 5 > 0, 

C++[t,r] := { / e Ct[t,T] I f{u) > 0, Vir e [t,T] } , 

C++[t,T] := UC++[t,r]. 

s>0 

Then, 

n :=c++[o,r] 

represents the set of all possible stock prices or the probability space. We let 
S = (St)o<t<T be the canonical process given by St(a;) := w*, for all w G fl and 
Ft := cr(Ss, 0 < s < t) be the canonical filtration (which is not right continuous). 
We say that a probability measure Q on the space (n,F) is a martingale measure, 
if the canonical process (§t)^o ^ martingale with respect to Q. 

Further we let 

D[0, T]:= { f : [t, T] [0, oo) | / is cadl'ag } , 
be the Skorokhod space of cadlag functions with the usual sup-norm 

||u|| := sup lutl. 

0<t<T 

2.2. The claim and its regularity. We model the liability of the claim through a 
deterministic map of the whole stock price process. Indeed, for a given deterministic 
map 

G : ]D)[0,T] R+, 

a general path dependent European option has the payoff ^ = G{S). Hence, al¬ 
though we consider only continuous stock price processes, we implicitly assume that 
the option is defined for all bounded measurable maps. 

Our regularity assumption on the payoff is the same as the one used in m- 
For the convenience of the reader we briefly review this assumption, but refer to 
[12] for an extended discussion and its connection with the Skorokhod metric. In 
particular, all options on the running maximum and Asian type options satisfy it. 
We make the following standing assumption on G. 

Assumption 2.1. We assume that there exists a constant L > 0 satisfying, 
i. 

|G(w)-G(w)| <L||u;-w||, u:,Cj &V[Q,T], 

n 

|G(u) - G(u)| < L||u|| ^ |A4 - A4|, 

k^l 


a. and 


Duality with Transaction Costs 


5 


for every piecewise eonstant funetions v,v G 2^[0, T] of the form 

n—1 n—1 

= + ^nX[t„.T](h and Vt = J2 ^iX[u,U+,)(.t) + nnXli„,T]it)^ 

2—0 2—0 

where to = 0 < ti < ... < tn < T, tg = 0 < ti < ... < tn < T are two partitions and 
as usual Atk := tk — tk-i, Atk '.= tk — tk-i, Xa is the characteristic function. 


2.3. Static Positions. Next we describe the assumptions on the static options. 
We assume that there are N many options 

that are initially available for static hedging. These options may be path dependent. 
We assume that their prices £i, ...,£Ar G K are known and that we can take static 
long positions on these options. In this context, short positions can also be allowed 
by including the negative of the options, but the prices of these two (option and 
its negative) should add up to a positive value equaling the bid-ask spread on this 
option. Set 

J^{S) ■.= {!, h{S),...,fN{S)) and C := Cn), 

where the first function which is identically equal to one stands for investment in 
the non risky asset and we assume that the investor can take long or short positions 
only in this option. But as discussed before, we allow only long positions in the other 
options. Thus, a static position in the these options is represented by c G R x R(J( 
indicating an investment of a European option with the payoff c- iF{S) for the price 

(2.1) £(c):=c-£, 

where • denotes the standard inner product of R^+^. 

We assume that the static options satisfy some regularity assumptions and one 
of the static options has a super quadratic growth. More precisely, we assume the 
following. 

Assumption 2.2. Functions fi,..., fi\j-i satisfy Assumvtion \2. 1[ We also assume 
that if fi is path dependent (i.e. do not depend only on the value of the stock at 
the maturity) then it is bounded. For i = N, we assume that fN(ai) = q^uit) where 
q : R_|_ -A M_|_ is a convex function satisfying 

\q{x) - q{y)\ < L\x - y\ (l + , Va;,y > 0 

V a; y J 

and 

(2.2) liminf > 0. 

x—>-oo 

□ 

Since we consider hedging under proportional transaction costs, it is reasonable 
to assume that the options fi{S),..., fN{S) are also subject to transaction costs. 
This together with no-arbitrage considerations (see also O [5]) leads us to the 
following assumption. 
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Assumption 2.3. There exists a martingale measure Q on the eanonical spaee 
F) sueh that 

Eq [/,(§)]< A, Vz = l,...A, 

where Eq denotes the expectation with respect to the probability measure Q. 

□ 

Remark 2.4 (Comments on the assumptions). In this paper we assume that 
there are only finitely many static options. This setup is different from the one in 
[HIIlIIl] where we assumed that the set of static options equals to {/{St) ■ f '■ 
M+ —>■ M} (and includes power options). The present assumptions seem to be more 
realistic. We still assume that we have an option with super quadratic payoff /a?. 
This is needed for reducing the problem to bounded claims and for dealing with 
the hedging and the pricing error estimates arising in our discretization procedure. 
In fact, it is sufficient to include an option with super linear payoff, however for 
the simplicity of computations we assume super-quadratic growth. Since the 
main focus of this paper is the equivalence between two different super-replication 
problems, we do not seek the most general assumptions on the static options. It is 
plausible that the main result holds under weaker assumptions. In particular, for 
bounded claims one might be able to avoid the use of the quadratic option as in 

m- 

The second assumption states that there exist a linear pricing rule that is consis¬ 
tent with the observed option data. This implies in particular no-arbitrage in this 
market. Also the strict inequality implies that the options are subject to propor¬ 
tional transaction costs. The equivalence of no-arbitrage and the existence of such 
measures is in fact a difficult question. Only recently several discrete time results 
in this direction were proved in HE]. 

□ 

2.4. Hedging with transaction costs. We continue by describing the continuous 
time trading with proportional transaction costs, in the underlying asset S. Let 
K € (0,1) be the proportional transaction cost rate. Denote by jt the number of 
shares of the risky asset in the portfolio tt at moment of time t before the transaction 
at this time. Due to transaction costs it has to be of bounded variation. Hence, we 
assume that the process 7 = is an adapted process (to the raw filtration 

generated by the stock price process) of bounded variation with left continuous 
paths with 70 = 0. Let 

7t = it - It 

be a decomposition of 7 into positive and negative variations. Namely, ^t denotes 
the cumulative number of stocks purchased up to time t not including the transfers 
made at time t and respectively, 7 (~, denotes the cumulative number of stocks, sold 
up to time t again not including the transfers made at time t. Let A be the set of 
all such processes. 

In this financial market, a hedge is a pair tt = (c, 7 ) G .4 := R x ]R(^ x A and the 
corresponding portfolio liquidation value at the maturity date T is given by 

Z^{S) := c-J-(5) + [ 7 t-«| 7 t|] St 

+ (!-«)/ Su d'^f; - {1 + k) f Sud'y+, 

J[0,T] J[0,T] 
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where the above integrals are the standard Stieltjes integrals and J^{S) is as in 
subsection [231 Notice that the term —k\^t\ St in the first line is due to liquidation 
cost at maturity. The cost of this portfolio tt = ( 0 , 7 ) is equal to C{c) as dehned in 

m- 

2 . 5 . Super—replication problems. In this subsection, we introduce two super¬ 
replication problems. For the liability ^ = G(S'), the model-free super-replication 
cost is defined by 

V^{G) := inf {/:(c) : 3tt G A = R x x A so that Zf.{S) > G{S) VS* £ fl} . 

For the second problem, we assume that a probability measure P on the canonical 
space n is given. Then, the corresponding problem is 

Fj(G) := inf {/:(c) : Btt gA = RxR^xAso that Zf,{S) > G{S) P - a.s} . 

The main goal of this paper is to obtain the convex duality for these functionals 
and prove that they are equal if the measure P has conditional full support as 
defined in the next subsection. 

2.6. Main Results. In order to formulate our results we need the following defi¬ 
nitions. Recall that C~^^[t,T] and the canonical space fl = C^~^[t,T] are defined in 
subsection 12.11 

Definition 2.5. Consider the sample space 12 := 12 xT]. Let § = 

be the canonical process on 12 and Fj := (t(Ss, 0 < s < 2 ) be the canonical filtration. 

A (k, C) consistent price system is a probability measure Q on 12 satisfying, 

(1) is a Q martingale with respect to F; 

(2) (1 - ^ < (1 -b Q-a.s. 

(3) Eq [/.(S(i))] < A, for alH = 1,... ,iV. 

The set of all (k,£) consistent price systems is denoted by Mk.,c- GI 

Next we recall the notion of conditional full support. As usual, the support of a 
a probability measure P on a separable space, denoted by supp P, is defined as the 
minimal closed set of full measure. 

Definition 2.6. We say that a probability measure P has the conditional full 
support property if for all 2 £ [ 0 , T) 

supp P(S|[t,T]l®’t) =C^[2,r] a.s. 

where P(S|[t_ 7 ’] |Ft) denotes the Ft-conditional distribution of the C'''[ 2 ,T] valued 
random variable §|[t,T] which is the restriction of the canonical process to [2,T]. 

We are ready to state our main result. 

Theorem 2.7. Suppose Assumptions\2Al\2f^\2fMhold. Assume 0 < k < 1/8 and 
let P 6 e a probability measure which satisfies the conditional full support property. 
Then, 

F:(G)=W(G)= sup Eq[G(SW)]. 
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Clearly, V^{G) < Vk(G). Therefore, in order to prove Theorem 12.71 it suffices to 
prove the following two inequalities, 

(2.3) yJ(G) > sup Eq[G(§(i))] 

QgMk.c 

and 

(2.4) 14(G) < _ sup Eq[G(S(i))]. 

QeMi^.c 

The lower bound (12.31) is proved in Lemma |42] and the upper bound (12.41) is estab¬ 
lished in Lemma 16.31 

In the sequel, we always assume, without explicitly stating, that 0 < /t < 1/8. 


3. Reduction to Bounded Claims 

The following result shows that in this market one can hedge certain claims in 
the tails with small cost. Similarly, to [HIE], the proof is done by combining 
assumption (2.2) and the results of [T]. 

Lemma 3.1. For any K > 0 consider the European claim 
aK{S) + 

where as before XA is the characteristic function. Under Assumvtion \2.Sl 


lim 14 (a^) = 0. 
K—¥00 


Proof. Let 


do := do(^) = 0 


and for a positive integer k we recursively define the stopping times by. 


9k := 9k{S) = T A mi{t > 9k-i : \St - = 1}. 

Let K := K(5') = min{fc : 9k = T}. Clearly, K < oo for every S' G fl. By (12.2L it 
follows that there exists Cg > 1 such that 

(3.1) q{x) > —, Vx > c„. 

Cq 

Consider the portfolio tt = (c, 7) where 

K-l 

7t = - X! X(e.A+i](i), t e [0,r], 

i=o 

and 

C (Cq, 0, ..., 0, Cg), 

i.e., we buy Cq many options qiSr) and invest in the riskless asset Cq dollars. By 
summation by parts. Proposition 2.1 in Acciaio et.al [T] (see also Burkholder H) 
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and m, it follows that 

Z^{S) = cl + c,qiST)-J2 


K-1 r 




max Sg. 
0<3<i 


iSe.+^-Se,) 


— K ^ Sg^ 


i=\ 


max Sg, — max Sg. 
0<j<i ^ 


— kSq — kSt 


max Sg. 

0 <i<K-l ^ 


> 


(1 - 8 k) 2 

-^- max Si. 


0<j<K 


Observe that 


11 S'! I < 1 + max Sg. <2 max Sg.. 

0<j<K ^ 0 <i<K ^ 


Also, since for any S £ V., So = I, US'!! > 1- Hence, 

KaKiS) < ||5|| + ||5f < 2||5f < 8 max V 

Thus, (recall that k < |) 

^ - 4 \o<j<K - 32 ^ ' 

We conclude that the super-replication cost of [A"(l — 8 k)/32] ax is no more than 
the cost of this portfolio. Hence, 


(3.2) 


VMk)< + 


(1 - 8k) K 
and the result follows after taking K to infinity. 


□ 


Next, we establish the reduction to bounded claims. 

Lemma 3.2. Under the assumptions of Theorem \2.7\ , it sufficient to prove Theo- 
rem \2.'l\ for bounded claims. 

Proof. Let L be the Lispschitz constant in Assumption 12.II For any AT > 1 set 

Gk{s):=g{s)a[lk + g{o)], s £ n. 

From Assumption 12.11 it follows that G{S) < G(0) -I- Alls'll. Therefore, for all 

a: > 1 , 

G{S) < GxiS) + (G(0) + L)aKiS). 

Consequently, 

H«(G) < V^{Gk) + (G(0) + A)K(ax), hf (G) < FJ(G^) + (G(0) + L)V^{aK). 

Since Gx is bounded, if Theorem 12.71 holds for such claim, by the monotone con¬ 
vergence theorem we would have 

y„(G) = lim V^{Gx) = lim sup EQ[Gic(S(i))] = sup Eq[G(§(i)) 1 - 

Similar identities hold for (G) as well, proving the main theorem for all claims 
satisfying the Assumption 12.11 □ 

From now on, we will assume (without loss of generality) that there exists a 
constant AT > 0 such that 0 < G < AT. 
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4. Lower Bound 


In this section we establish estimates for the lower bound under the as¬ 

sumptions of Theorem 12.71 We start with several definitions. 

Recall that ID[0, T] is the set of all cdd^dgfunctions / : [0, T] —>■ R+. Denote by St 
the canonical process (i.e., St(a;) := oJt) on D[0,T]. As usual, we consider the Borel 
(T-algebra with respect to the sup norm (this Borel a-algebra coincides with the 
one generated by the Skorohod topology). Let Ft = fT{Su|u < t} be the canonical 
filtration. 

Let e > 0, n S N and T := {Ti,..., T„,T} be a partition of the interval [0, T], i.e., 
0 < Ti < ... < T„ < T. In the sequel we shall always assume that e < ln(l -|- 1/L) 
and e < T^+i — Ti, i = 0 , 1 ,..., n — 1 . 


Definition 4.1. For any 0 < k < k, let A4^£ be the set of all probability measures 
Q on the space ]D)[0,r] satisfying, 

(1) The canonical process S is of the form 

n—1 


s* = 


2 = 0 




;(0 M 

k ’^fc + 1 




k ’^n + lJ 


where 0 = Tq'^^ < < ... < ^ So = 1. 

(2) For any fc < n, on the event < T we have 

|lnS (e) -lnS(.)|=e. 

^fc+1 ^k 

(3) For any 1 < fc < n + 1 , G T, Q-a.s. 

_ _ - T 

(4) There exists a (Q,F) cadlag martingale such that 

(1 — K)St < Mt < (1 + k)St Q-a.s.; 

(5) Finally, 

Eq[/,(S)] < A-LC(e4^ + e-l), f = I,..., iV - 1, 
Cn{ 1 - L{e^ - I)) - LC{e^ - I) 




l-bL(e'^-l) 


where C := 


-b CqCN, and Cq is given in m- 


□ 


The following result provides a lower bound on the super-replication price (G). 


Lemma 4.2. Let ¥ be a probability measure on D whieh satisfies the conditional 
full support property. Assume that 


(4.1) min 

Then, for every partition 'T = {T 


I + K I — 


I + k’ I- 


> e 


2e 


yf(G)> sup EQ[G(S)]-LG(e4^ + e-l). 


We always use the standard convention that the supremum over the empty set is 
minus infinity. 
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Proof. Fix, e > 0 k, T as above. If = 0 then the statement is trivial. Thus 

without loss of generality we assume that 0. We fix an arbitrary measure 

Q G and we will show that 

(4.2) V^{G) > Eq[G(S)] - LC{e^^ + e - 1). 

The proof of the above inequality is completed in two steps. In the hrst step we use 
the conditional full support property of P and construct a consistent price system 
which is ’’close” to Q. In the second step we use the super-replication property 
and the constructed consistent price system in order to obtain a lower bound on 
the price. 

First step: In this step, we use the conditional full support property of P in a 
similar way to Guasoni, Rasonyi and Schachermayer |15| . 

Set := 7 -q'^^(§) = 0, and for any positive integer k > 0, recursively define 

:= = T A inf : | ln§t - InS^(e) | = e| 

where as before we denote by S the canonical process on If. Define a random integer 
by, 

K := K(§) = min{fc : = T} - 1. 

Then, it is clear that 0 < K < oo. We also set, 

Sk := S (e) , I < fc < n + 1, 

^kAK 

and 

(4.3) (Tfc = min{t gT ■ t> 

Recall that the positive integer n is the number of points in the hxed partition 

r = {ri,...,r„,r}. 

For i5 > 0, i = 1,..., n and j = ±1, let g®’-! : [0, Ti] —>■ R+, be the linear functions 
satisfying 

90 ^ = 1 , and gJff = + 25j. 

We assume that 5 is sufficiently small so that 5 *^ ig strictly positive. Next, on Vl 
we define the events 

:= { sup \St-gl’^l < 5}, i = I,..., n, j = ±1 

0<t<Ti 

:= { sup I St — 1 | < (5}. 

0<t<T 

In view of the conditional full support property, all of these events have non-zero 
P probability. Also, observe that for sufficiently small i5, for i = I,..., n, j = ±1 

Q ^b) |.^h) g = exp(±e)}. 

Also C := = T}. Thus, we conclude that the events 

i = I,..., n, j = ±I have non-zero P probabilities as well. 

We proceed by induction. Assume that for a given k > 1 and any ji, = ±1, 
1 < ii < ... < ifc < n, we have proved that the probability of the sets 

k ( m 

:= n 1 ^ S^O) =exp(e^>) 
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and 

fc-i 

71,.. 

■■■dk-1,0) . Pi 

■- 1 1 

771=1 




r—1 


have non-zero P probabilities. 

Let ji,= ±1, 1 < < ... < ik+i < n. On the event < Ti^. define the 

random, linear function g^^+idk+i . —)► R+ by 

k fc+1 

^ exp(e^>) and = exp(e^>) -f 2djk+i. 

^ r—1 r—1 

From the conditional full support property and Lemma 2.9 in Guasoni, Rasonyi 
and Schachermayer (2008), it follows that for any event B G ¥ (,) the conditional 

■’’fc 

probabilities 


k — — ‘'fc + l 


sup 




> 0 , 


and 


sup I St - exp(e^ j.) | < ^ ^ O R > 0, 




provided that 0 R) > 0. Thus, similarly to the case k = 1, for suffi¬ 

ciently small i5 we conclude that the P probabilities of the following events 

fc+l I' 771 

B\l]ZiiTi"'’ ■■= n < e +0) = exp(e^>) \ 


and 

k ( m ^ 

b\1]::'X'^t'’ ■= n \ ^ “ e/n,Ti„,], S^O) = exp(e^>) \ HlT-fc+i = T} 

771=1 r—1 ) 

are positive. This holds true for any k < n + 1. 

Recall the measure Q € that was fixed at the start of the proof and 

the CTfc’s defined by (14.31) . In view of the above discussion, and by using simi¬ 
lar arguments as in Lemma 2.4 in Guasoni, Rasonyi and Schachermayer (2008), 
it follows that there exists another probability measure Q <C P such that the 
distribution of (+,...,++ 1 , cti, ..., ct„+i) under Q is equal to the distribution of 
(S-(e),..., S-( 6 ) , ,..., ) under Q, and in addition for any i < n, we have 

(4.4) (Q(Si+i,cri+i|F^(o) = Q(Si+i,cri+i|Si,...,§j,(Ti,...,(Tj), Q a.s. 

Also observe that from our construction it follows that for any fc, 

(4.5) IfTfc - < -, Q a.s. 

n 

and 

(4.6) ++ie-2^ < <++le2^ Vt G Q a.s. 

Now, we arrive to the second step of the proof. 
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Second step: Since Q G definition of this set implies that there 

~ T 

exists an associated martingale which satisfies 

(1 - K)§t < Mt < (1 + K)§t, t G [0, T] Q a.s. 

Then, for any fc < n + 1 there exists a measurable function 

'0^ : X T” —^ M_|_ 

such that 

M (.) = tpki^ (e) , . . . , S (0 , 

' k '1 ‘ k 

Moreover, 

(4.7) (1 — K)§-(e) < M~(e) < (1 + K)§-(e), ^<71 + 1 Q a.s. 

'’’k '’’k ^k 

Then, on we define the stochastic process M simply by 

Mk = 0fc(S'i,...,S'fe,(Ti,...,crfc). 

In view of (14.41) anf (14.71) . it follows that for any k, 

(4.8) EiQ{Mk+i I I^t-G)) = Mk 
and 


(4.9) (1 - k)Sk < Mk < (1 + k)Sk Q a.s. 

Now, let TT = (c, 7 ) be a P almost-surely super-replicating portfolio. By (14.IL 
(14.61) (14.91) and by summation by parts, it follows that 


(4.10) Eq ( 7tSt - k|7t|St + (1 - k) [ -(! + «) [ 

\ J[0,T] JlO,T] 

< Eq ( 7tM„+i- t (1 - K)^5'fc+1 / ^70) 

-E^(il + k)j2Sk+i d7+) 

< E4 + f; *4+, (j diz - j d-,z ) 


= {^k+1 - Mk)) = 0. 

k^l 


~ 1 

Next, we introduce the stochastic process {5t}(^Q by, 

n —1 

^ ^ ^kX[crk,(7k+i)i^^ ^nX[(7rL,T]{^) 1 

k^O 

where we set ao = 0. From our construction, it follows that the distribution (on the 
space P[0,T]) of {5t}^^Q under Q is equal to the distribution of § under Q. Thus, 

(4.11) EqG(5) = EqG(S) and E^/,(5) = E^/,(S), z < N. 
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We next use the Assumption 12.11 and the properties (j4.5p - (j4.6p . The result is the 
following inequalities that hold Q a.s., 


(4.12) \GiS)-GiS)\ < Lie^^ + e-l)\\Sl 

|/,(5)-/,(§)! < T(e4^ + e-1)11^11, for t < N - 1. 


From Assumption 12.21 it follows that (recall that e’^ < for any positive real 
numbers x, y 


I Inx 


Inj/I < e ^ q{y) < 


q{x){l + L{e'' - 1 )) + L(e' 

1 - L{e^ - 1 ) 


l)x 


We conclude that 


(4.13) 


/w(§) < 


/^(5)(1 + L(e^- 1 )) + L(e^- 1 ) 11^11 


a.s. 


1 - L{e^ - 1 ) 

From (j3.1ll . Assumption 12.21 and the Doob inequality, it follows that 


EQ[||5f ] = E^PIISin < 4EQ[||Mf ] < 16 Eq[M|] 

— ^dE^pS^n] < 64 [c^ + CqCi\!\ = C^, 

where the constants C and Cq are as in Definition 14.11 Also, the Holder inequality 
yields that 

(4.14) Eq[||5||] < C. 

Finally ()4.1ip - (l4.14ll and the fact that Q € ^'k 'c ™plies that EQ/i(S) < Ci, for 
every i < N. Therefore, using (I4.10p - (I4.14I1 and the relation Q <C P , we arrive at 


Cic) > Eq[c • /(S)] > Eq[G(S)] > EqG[(S)] - LCie^^ + e - 1). 

Since the above inequality holds for every P almost-surely super-replicating strategy 
TT = (c, 7 ), this proves the inequality (14.21) and completes the proof of this lemma. 

□ 


5. Estimates for the Upper Bound 

In this section we establish estimates that will be used in the proof of the upper 
bound, under the assumptions of Theorem 12.71 

We fix e € (0,ln(l -|- 1/L)) and start with two definitions. 

Definition 5.1. A function F G ID)[0, T] belongs to if it satisfies the followings, 

(1) Ao = l. 

(2) F is piecewise constant with jumps at times G, ...,tn, where 

to = 0 < G < G < ■•■ < G < T. 

(3) For any k = 1, \ InFij^ - lnF’tj^_J = e. 

(4) For any k = I ,..., n, G — G-i G ujf \ where 

:= {ze/(2'“') :* = l,2,...,}u{e/(i2'=) :i = l,2,...,}, 

are the sets of possible differences between two consecutive jump times. We 
emphasise, in the fourth condition, the dependence of the set on k. So 
as k gets larger, jump times take values in a finer grid. 

□ 
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Definition 5.2. For k,A > 0, let be the set of all probability measures Q 

on the space ]D>[0,T] such that the following holds, 

(1) The probability measure Q is supported on the set 

_ _ - T 

(2) There exists a cadlag (Q,F) martingale such that 

(1 — K)St < Mt < (1 + K)St Q a.s. 

(3) Let C be as in Definition 14.11 and L be as in Assumption 12.II Set 

B ■= + e- 1 ) 2 ^-^ _ + 2L(e'^ - 1)Cn + e 

For any i < N, 

®"Q[/i(^)] ^ Ci + B, 

and 

EQ[/Ar(S) A A(St + 1)] < Cn + B. 

□ 


The following result provides an upper bound on the model-free super-replication 
price 14 (G). 


Lemma 5.3. Assume that 
(5.1) 

Then 


1 + K 1 — K 


1 + K 1 — k 


> e 


4e 


K(G)< sup Eo[G(S)] +L(e"^ + e-l) 


G2 


, QeMj’ 


2(1-8k)' 


Again, we use the standard convention that the supremum over the empty set is 
minus infinity. In particular, if is empty, then the above lemma states that 

14(G) < L{e'^^ + e - l)2(i^8fc)- 


Proof. The proof is completed in two steps. In the first step, we apply the results 
that deal with the “classical” super-replication with proportional transaction costs. 


First step: Since ID)^) is countable, there exists a probability measure P satisfying 
P(][l)4)) = I and P({F}) > 0 for all F G Consider the filtered probability space 
(D[0, T], Ft’, P). Denote by the set of all consistent price systems in 

D4). Namely, Q € if Q is equivalent to P and there exists a cadlag martingale 

^ T ^ ^ 

{^t}t=o (with respect to Q and F) such that 

(I — k)St < Mt < (I + K)§t P a.s. 

Let X := Ai(S) be random variable which is F^ measurable and bounded from 
below by a multiple of I + St- Set 

(5.2) Co := sup Eq[X]. 
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From Theorem 1.5 in Schachermayer [2T], it follows that there exists a predictable 
stochastic process of bounded variation such that 70 = 7 t = 0 and 

Co + (1 - k) [ Sud% - (1 + it) [ S„d 7 + > X, P a.s. 

J[o,T] J[o,T] 

Thus, there exists a predictable map 7 : —>■ L°°[0, T] such that for any F € 

70 (F) = 7 t(F) = 0 and 

(5.3) co + {l-k) [ F„d 7 -(F)-(l + it) / F„d 7 +(F) > X(F), 

J[0.T] JlO,T] 

where L°°[0,T] is the set of all bounded functions on the interval [0,r]. Next, 
choose (ci,..., Cat) € and consider the random variable 

7V-1 

X = X{S) = G(S) - ^ cJS) - CNifNiS) A A(§t + 1)). 

Recall, that in Assumption 12.21 we assumed that if fi is path dependent then it is 
bounded. This together with the Lipschitz continuity of fi, i = — 1 yields 

that /i(S),..., /Ar_i(S) are bounded by a multiple of 1 + St, and so X is bounded 
by a multiple of 1 + St as well. 

Let (co, 7 ) be such that (15.21) and (15.31) hold true. 

Next, we lift the trading strategy 7 to a trading strategy on the space fl. We start 
with some preparations. Recall the definition of the stopping times := 
k > 0, and K := ]K(S) = min{fc : = T} — 1. 

Set, 


:= ^ where 




At) 


(^) _ 


= max{At e : At < At^’^> := - 7 ^ 1 \}. 




It is clear that 0 = Tq < < ... < < T and for all fc = 0, 

We now define : fl —>■ by 

K-l 

^t(§) := ^ F’-) ){t) +S^(-)Xrf(') Ti(^)- 

/c =0 

Finally, define the hedge tt = (c, 7 ) where c = (cq, ci,..., cn) and 


7(S) := I]%w(«'(S))X(,w_,w^](i). 


k=l 


We continue by estimating the portfolio value Zf,{S). Set 

I := /(S) = 7tSt - «;|7t|St + (1 - «;) / Sudjf - {1 + k) [ 

JlQ.T] JlC 


[O.T] 


§«d7u 


d/,(S)d7^(vI/(S)) + (l + K) / vl/„(§)d^+(vl/(S)). 

J[0,T] J[0,T] 


From Assumption 12.21 it follows that for any x^y > 0 

(1 - L{e^ - l))q{y) - F(e" - l)y 


InT — Inj/I < e q{x) > 


1 + F(e'^ - 1 ) 
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Thus, from Assumptions 12.li 12.21 and ()5.3p . it follows that 


N 


(5.4) Z?(§) - G(§) > / - (G(S) - G(vI/(§))) - ^ c.(/.(v|/(S)) - /,(S)) 


2=1 


N-1 


> / - L 1 + ^ cj ^ e2-^ - 1 ||S|| - Lc^(e^ - 1) 


2=1 

N-1 




2/iv(S) + ll^ll 
1 + L(e'^- 1 ) 


>/-L 1+^ 


c^ \ [e +e- 


-LcNie^-1) (2/^(S) + ||5||). 


It remains to estimate the term /. To simplify the calculations, we use the notation 
7 = 7 (S) and 7 = 7 (\E'(S)). Then, in view of (15.11) . 


7tSt - k|7t|St + (1 - k) / §ud7« - (1 + / 

J[0,T] J[(. 


I[0,T] 


S„d 7 j 


K „ 

> 7tSt - k|7t|St+ [(1 - - (1 + K)d7«] 

K „ 

= 7TST-K|7T|ST + y'S^(0 [-dju - fildjul] 

K-1 

> 7t§t - k|7t|St + 4'.(.){§) / [-d7u - K|(i7«|] 

fc =0 

= 7T§T - k|7t|St + (1 - k) / 4'u(§)(i7“ - (1 + it) / dCi 

>{l-k)[ 4'„(§)d7^ - (1+ k) / 4'„(§)d7+. 

7[o,ti 7ro,Ti 


(§)d7^ 


Hence, we conclude that / > 0. We use this inequality together with (13.2p and 
(EH). The result is, 

N 

V.{G) < £(c)+L(e2^ + e-l)(l + X]G)K(||§||) + 2L(e^-l)c^K(/^(S)) 

2=1 

A2 N 

— dl{c) + + e — 1 )^^— 8 ^^^ ^ ^ 2 T(e*' — l)cAr£Ar. 


i=l 


This together with (15.21) yields 


N 


(5.5) 14 (G) < inf sup EQ[^] + ^CjHi +L(e^" + e-l) 


G 2 


where 


Ci.....CA,>0Qg^ 


Af -1 


i=l 


2(1 - 8k)’ 


^ := G(S) - ^ c,/,(S) - CNifNi^) A A(St + 1)), 


2=1 

2 e 


Ai :— Hi + L[e ^ + e — 1) 




2 ( 1 - 8 ^^) 


+ 2L(e^ — 1)Cn = Hi -\- B — e, i < N. 
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Second Step: The next step is to interchange the order of the infimum and 
supremum in (I5.5[l . Consider the compact set H := where recall K is 

satisfying G < K. Define the function Q : H x Ain ^ hj 


Q) — Eq 


N-l 

G(S) - ^ KfS) - hNifNiS) A A(St + 1)) 


N 

+ ^ hiAi, 

i=l 


where h = {hi,h^)- Notice that Q is affine in each of the variables, and contin¬ 
uous in the first variable. The set Ain can be naturally considered as a subset of 
the vector space Let us show that Ain is a convex set. Let Qi,Q 2 G A4n 

and let A G (0,1). Consider the measure Q = AQi + (1 — A)Q 2 - For i = 1, 2 let 

be a martingale with respect to Qi and F, such that 


(1 - ii)St < < (1 + 

Define the stochastic process 


a.s. 


Mt = AM/^^ 

dQi , ~ 

+ (1 - A)Mf) 

d^2 


. 


. 


tG [0,T]. 


Clearly, is a martingale with respect to Q and F. Also, since Mt is a 

(random) convex combination of and Mt‘^\ 


(1 — k)St < Mt < {1 + k)St P a.s. 


Hence, Q G Ain,- This proves that At^ is a convex set. Next, we apply the min- 
max theorem. Theorem 2, in Beiglbock, Henry-Labordere and Penkner [J to C/. 
The result is, 


inf sup G{h,Q)= sup infC/(/i,Q)< sup G{h^,Q), 

QeMpi 


where 

T Q _ tF , 

~ ~^{%lfS)]>Ci+B}^ * S JV - i, «-jv - —X{E^[/^(§)AA(§T-ei)]>£Ar-es}- 

The definitions of h^, the set At-’^ and the fact that G < K implies that 


G{h^, Q) < 0, V Q G but Q ^ AA^% 

In particular, sup^g^. Q) < 0, if the set At^’^ is empty. These together 

with (15.511 implies that 

K(G)< sup g(/iQ,Q) + L(e^^ + e-l) 

< I sup Eq[G(S)] 


+ L(e"^ + e-l) 


G 2 


2(1-8k)' 


□ 
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6. Asymptotical Analysis of the Bounds 

In this section, we complete the proof of Theorem 12.71 This is achieved by prov¬ 
ing that the lower and the upper bounds from Sections S] and [5] are asymptotically 
equal to each other. 

Recall the probability measure Q from Assumption 12.31 Set, Di = EQ[/i(§)], 
i < N. Denote D = nf=i(A , oo). Let H = {Hi,H n) G D and let k € (0,1). 
Define M.h.H to be the set of all probability measures on 0 := x which 

satisfy the conditions of Definition [231 with k,Li, Cn replaced by k, iLi,..., LTat. 
Observe that Q € Mh,H and so, the set Mk,H is not empty. Define the function 
r : D X (0,1) ^ R by ’ 

T(H,k)-.= SUV Eq[G(S«)], 

where, recall the canonical process S = §P^)o<t<T given in Definition 12.51 

The following lemma is central in the analysis of the asymptotic behaviour of the 
bounds. 


Lemma 6.1. The function T ; D x (0,1) —^ R is continuous. 


Proof. It suffices to prove that for any compact set J C D x (0, 1) there exists a a 
continuous function mj : R+ —> R_|_ (modulus of continuity) with mj(0) = 0 such 
that for any ki) G J, i = 1,2 


riH<^^\ki)-T{H(^\k2)<mj 




\k^l 




Choose e > 0. There exists Qi € such that 

(6.1) r(i7W,Ki)<e + EQjG(§W)]. 

On the space D, define the stochastic processes p and p by, 


pt and pt := (1 - K 2 ) V (pt A (1-I-K 2 )), t G [0,T]. 


Next, introduce the stochastic process S = (§j^\ §j^^)o<t<T by 
5(2) .• 


giD = gp) _ t G [0,r]. 


p* Po Pt po * ^ Po 

Observe that there exists a constant such that 


(6.2) sup I lnS(^^ — InSj^^l = sup | Inpt-t-Inpo — Inpt — Inpoj < |ki — K 2 |- 

0<t<T 0<t<T 


Without loss of generality we assume that C^p\ki — K 2 I < ln(l -|- l/L). 

The idea behind the definition of the process § is to construct a stochastic process 
which is ’’close” to § and satisfy properties (1) and (2) of Definition 12.51 for k 2 
instead of ki. In addition we require that = 1. Indeed, observe that § : O —>■ D. 
Thus, define the probability measure Q 2 to be the distribution of § under the 
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probability measure Qi. Namely, Q 2 is a probability measure on which is given 
by Q 2 (^) = Qi(S“^(A)) for any Borel set A C Clearly, for any t G [0,T] 

(1 - < (1 + Qi a.S. 

and 

Thus, for any t G [0,r], 

(6.3) (1 - K 2 )si^^ < < (1 + K2)§i^\ Q 2 a.S. 

and 

(6.4) 

Next, similarly to (I4.14p we obtain that there exists a constant such that 

By applying Assumptions 12.1112.21 in a similar way to (14.12^ - 114.131) . and using 
(lO) we obtain that we can construct another constant satisfying, 

|EqJG(S(i))] -EqJG(S(i))]| = |EqJG(S(i))] -EqJG(S(i))]| 

(6.5) < LGj^^(exp(Gy^|«;i - K 2 I) - 1) 

< C'f'^lki - K2I 

|EQd/,(SW)] -EqJ/,(S(i))]| = |EqJ/,(S(i))] -EqJ/,(sW)]| 

(6.6) < LGj^^(exp(Gy^|«;i - K 2 I) - 1) 

< Gj ^^|ki — K 2 I, i<A^—1, 

and for i = A^ 

(6.7) |EqJ/^(sW)]=EqJ/^(sW)]| 

^ EQj/^(SW)](l + L(exp(G^^^|ici-it2|)-l))] 

1 - L(exp(Gy^|Ki - K 2 I) - 1) 

^ L(exp(Gy^|M-^2|)-l)EQj||SW||] 

1 - L(exp(Gy^|Ki - ;t2|) - 1) 
<EQj/^(§W)]+Gf |«i-it2|. 

Next, we modify the probability measure Q 2 so it will satisfy property (3) of Defi- 
nition [^3] for ..., Clearly, the measure Q® Q is a probability measure on 

Cl, where the probability measure Q is given in Assumption 12.31 For any A G (0,1) 
consider the probability measure 

QA = VA[Q®Q] + (l-yA)Q2. 

Observe that 

Eq»q[/z(S(^))] = Eq[/,(§)] = A, i<N. 
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Set A = + —/t 2 |. From (I6.6I1 - ()6.7I1 and the fact that Di < 

it follows that for A sufficiently small 

|EQj/.(S('h] < VAA + (1 - +Cf |ki - k2\) < 

iff ^ - VA(iif ^ - Di) + Cfk < iif ^ - A < iff ^ 

This together with (I6.3I) - (I6.4I) yields that Qa G Finally, from (16.11) and 

(16.51) we obtain 

- F(ii(2 ), a2 ) < e + % [G(S(i))] - (1 - yA)EQjG(S(i))] 

<e + cf\k^-k2\ + y/liK. 

Since e > 0 was arbitrary, this completes the proof. □ 

Now, we are ready to prove the lower bound of Theorem l2.7l 


Lemma 6.2. 

Kf(G) > _ sup Eq[G(S(i))]. 


Proof. In view of Lemma 16.11 it is sufficient to prove that 
(6.8) y:(G)>EQ[G(§W)], 

for every Q G M- ^ with k < n and Ci < Ci, i < N. 

We proceed in two steps. In the first step, we modify the process E>^^K In the 
second step, we apply Lemmato the modified process. 

First step: Let e > 0. Define the stopping times, := = 0 and for 

k > 0, 


:= rff §(!)) = T A inf < 

and the random variable IK := min{/c 
the stochastic process 


i > T-fJi : = ea;p(±e)S^f)^|, 

: = T} — 1 < oo. Let n G N. 


Introduce 


) = 


n—1 

E 

2=0 


X,rG\) (h + ^ A[^G) 


tG [ 0 ,T]. 


The stochastic process 5^”^ is a pure jump process which agrees with at the 
jump times ak remains constant afterwards. 

We argue that for sufficiently large n the terms |, i = 1 ,..., JV 

and EQ|G(.S("f — G(§^^f | are small. Indeed, as before the fact Q G AI- f implies 
that II] < G (where, recall the constant G from Definition 14.1|) and so 

lim„^oolEQ|||S(i)||X{K>n}] = 0. From Assumption [O we get 


lim sup 

n—>-oo 


Eq|/,(§(i))]-Eq|/,(5('^))] 


< lim sup Eq||/,(§(i)) - |x{K<n}] 

n—>-oo 

+ 2L lim EQ||lS(i)||x{K>n}] 

n—>-oo ^ I — j 

<L(e^-l)EQ|||S«)||] 

< L(e^ - 1)G. 
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Similarly, 

(6.9) 


lim sup 


Eo[G(§(i))] - Eo[G( 5 ("))] < L(e^ - 1 )G. 


It remains to treat the case i = N. From Assumption 12.21 it follows that there 
exists (5 > 0 such that 

I Inx — Inyl < 5 => q{y) < 2{q{x) + x). 

We conclude that there exists a constant G 4 such that or any a:, y > 0 we have 
(1 - < y < . ^ ' X ^ q{y) < Ci{q{x) + x). 

\ — K 

This together with property (2) of Definition 12.51 yields 

%[q(S[pX{K>n}] < G4Eq [{qipp+pp X{K>U} • 

Since is a martingale and {K > n} = < T} G F (e), then from the Jensen 

inequality (for the convex function q{x) + x) we obtain, 


(qi^T ^) + X{K>n} 

^G 4 (;(Sy ) + (1 + X{K>n} 


'EQ[9(§^w)X{K>n}] < G 4 E, 

< G4E, 

(“2^ 

Thus the inequality EQ[(g(§^'^)] < oo implies 
EQ[/iv(§('))]-EQ[/^(5("))] 


lim sup 

n—^oo 


< lim sup E^ 

n—^oo 


< lim sup G 4 EQ 

n—^oo 

= 0. 


(C4 + I/G4) + (1 + X{K>n} 


We conclude that for sufficiently large n 


( 6 . 10 ) 


Eq[G(S(i))]-Eq[G( 5("))] <2L(e'=-l)G and 
Eo[/.(S^'^)]-Eo[/.(^^”^)] <2A(e^-l)G z < N. 


We hx n sufficiently large that the above inequalities hold and set S := . 

Next, we modify the jump times so they will lie on a grid. Let m G N. Define 
by recursion the following sequence of random variables, 

k 

:= where 

i=l 

= min{At G {T/to,2T/to, ...,T} : At > Arj'^^ := 


and 


CTfe = TX {^ w = t } ^ (^(1 “ 2 ''/ to )) X {^ w < t } 


— k . 


k = 0 , 1 ,..., n. 
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Observe that for any i, Ui+i > ai and Oi+i = ai if and only if Ui = T. Notice that 
(Ti,cr„ are not (in general) stopping times with respect to the hltration F. Define 
the stochastic process 


S. := = 


n—1 




^KAn 


,T](,t), t € [ o , r ]. 


Second step: The process St is a piecewise constant process, and the jump 
times are lying on a finite grid. Thus the natural filtration which is generated by 
S is right continuous, and so the martingale 

is a chdlag martingale. Let k < n. Clearly, cr^ is a stopping time with respect 
to the natural filtration generated by S. Furthermore is measurable with 

respect to F (,). This together with the fact that 


e-<= < < e" 


ct(i) 

and properties (l)-(2) in Definition 12.51 imply that 


\Mak - S. 


Erf 


(eq[s; 


( 2 ) 


IF-(o] I < (Tfc - Sc 
/ 


< + 1 ) < ^afc(K + 2 e), 


where in the last equality we assume that e is sufficiently small. Let i 7 „+i = T. 
Then, for any k <n and t £ [(Tfc,crfc+i], we conclude that 

e ^'"(1 — K — ‘2,e)St < ^ e^''(l + k + 2e)St- 

Since M is a martingale with respect to the natural filtration of S', we conclude 
that for sufficiently small e, 

(6.11) |Mt-St| < (l + K + 5e)St. 

Clearly, 

lim IIS-S^"*)!! = 0 , Q a.s. 

m—^oo 

Observe that the above processes are uniformly bounded. Hence, by Assumptions 

( 6 . 12 ) %[G(<S)] = lim E^[G(S(™))] and 

Eq[/,(S)] = lim Eq[/,(SM)], * < N. 


Denote by the distribution of S^"*) on the space D[0,T]. Let us choose e such 
that K := «; + 6 e is satisfies 


min 


f 1 + K 1 — k'\ 
ivl + /t’ 1- k ) 


> 


A-L(G + £rfv)(e^' + e- 

Cn {1 - Lie"^ - 1)) - LC{e^ - 
1 + L(e'=- 1 ) 


1 ) > 3L{e^ 
^ > 3L{e^ 


1)G + A, i<N, 
1)C + Cn- 


and 
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From (j6.10|) - (j6.12|l . it follows that for sufficiently large m the measure Qm S 
with the choice T := {kT2~'^/. Thus, in view of Lemma [4.21 we have 

yf (G) > Eq[G(5W)] - LC{e^^ + e - 1). 

We now apply (j6.10|) . ()6.12p and take the limit as m tends to infinity. The result is 
yf(G) > Eq[G(S(i))] - 2L(e^ - 1)G - LC{e^^ + e - 1). 

Now, (I 6 . 8 p follows after taking the limit as e tends to zero. □ 

Next, we establish the upper bound (12.41) . 


Lemma 6.3. 

t4(G)< sup Eq[G(S«)]. 


Proof. Let Q be the probability measure from Assumption 12.31 Then, Q ( 8 ) Q S 
Therefore, if t4(G) < 0, then (12.41) is trivial. So we may assume 
without loss of generality that 14 (G) > 0. Choose e>0, A>l,K>it>/t and 
Li > Li, i < N. Assume that e is sufficiently small so + e—< Vk{G) 
and K satisfies dSU. This together with Lemma 15.31 yields that there exists a 
probability measure Q G ^ such that 

(6.13) K(G) < Eq[G(§)] + L(e2^ + e - 1) 

Next, we proceed in three steps. In the first step (similarly to Lemma 16.21) . we 
modify the stochastic process S. In the second step, we use the Wiener space in 
order to construct a continuous consistent price system with (almost) the required 
properties. In the last step, we modify again the constructed continuous consistent 
price system in order to get rid of the truncation in the term /Ar(§^^^) A AS^^ 
Finally, we Apply Lemma l6.II 
First step: Let 

{l-k)§t<Mt<{l + k)St, tG[0,T], 
be the associated martingale corresponding to the probability measure Q G 
Let fg'^^ := To’^^(S) = 0, and for fc > 0 set, 

= T A inf : \ lnS-(o^ - ln§_(e) | = e| 

and IK = minjfc : = T} — 1 < oo. Observe that the probability measure Q 

supported on and so f^, k >0 are indeed stopping times. 

Let n G N. Set, 


n—1 




i=0 


From the definition of the set Atl’^ it follows that Eq[( 7 (St) A A(St +1)] < oo, and 
so and Eq[St] < oo, as well. Moreover, 


< (1 + K)^EQ[STX{t>„}]. 












We conclude that 
(6.14) 
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lim Ef 

n—^oo ^ 


-(e) +^T)X{K>n}] 


= 0 . 


As in the proof of Lemma lOl we will use the fact that fi{S), i < N are bounded 
(from both sides) by a multiply of 1 + S't- This together with (I6.14p and the fact 
that 5*^”^ = § on the event {n > K} yields that for sufficiently large n, 


(6.15) 


Eq[G(S)]-Eq[G( 5(-))] <e, 
Eq[/,(§)]-Eq[/.( 5(-))]| <e, *<fV-l, 
E^iqiSr) A A(St + 1)] - EQ[g(4"^) A A(4") + 1)] 


< e. 


We choose n sufficiently large and set S := 5^"^. 

Next, let m G N. Define by recursion the following sequence of random variables, 

k 


:= ^ where 


= mm{At € {T/m,2T/m, : At > := 


and 


o-fe = Tx^-(0^j,}+ri"^ A(r(l-2 ''/m))X{-(e)^j,j, fc = 

Similarly, to Lemma 16.21 we have that for any i, CTi+i > cr^ and (7i+i = di if and 
only if di = T. Define the stochastic process 

n—1 

i=0 


= 0,1,...,n. 




Again, as in Lemma 16.21 the process St is a piecewise constant process, and the 
jump times are lying on a hnite grid. Introduce the {cadlag) martingale 

Mt := Eq(Mt|-5„, u < t). 

By using the same arguments as in (I6.11D - (I6.12I) we get 


(6.16) 

\Mt- 

>^*1 < (1 + K -|- 5e)St, 

and 



(6.17) 

Eq[G(5)] 

= lim Eq[G(5(™))], 

m—^oo ^ 


MMS)] 

= lim Eq[/,(5(™))], i<N-l 


EQ[g(,ST)AA(ST + l)] 

= lim E5[(7(4’"V A(4"'^ + 1)] 

m—^oo ^ 


From (I6.15P and (16.171) , it follows that we can choose m sufficiently large such that 


(6.18) 


Eq[G(S)]-Eq[G( 5(™))] <2e, 

Eq[/,(§)] -Eq[/,( 5W)]| < 2e, i<N-l, 
EMSt) a A(St + 1)] - EMs!f^^) A A(4”^) + 1)] 


< 2e. 
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Choose such m and denote S = The stochastic process is a piecewise 

constant process, and the jump times are lying on a hnite grid. Denote the grid by 
T = {ti,tr,T}, where 0 = to < < •■• < < T. 

Second step: Let be a complete probability space together with 

a standard Brownian motion and the natural filtration = cr{W,j \s<t}. 

From Theorem 1 in Skorokhod (1976) and the fact that the random variables 
— Wti, i = 0,r — 1 are independent, it follows that we can find a sequence 
of measurable function —?► R, i = 1, ...,r with the following prop¬ 
erty. The stochastic processes (adapted to the Brownian filtration) and 

which are given by the recursion relations 

S^ = l, M^^ = Mo 

and for i > 0 


SZ = 9l^\Wu,,- 




. j' ^ j' 

have the same joint distribution as the processes 
the distribution of 




under the probability measure is equals to the distribution of 


Namely, 


{Stgj ..., St^, Mtr-) 

under the probability measure Q. 

Since the Brownian motion increments are independent, for any i < r, 

Epw (M,'j;^ \F^) = Epw (M,'j;^ ,..., , M’f,..., . 

Thus, we can extend the martingale to a continuous time martingale 

(Brownian martingale) 

M,^=Epw(M,'f|J-f), tG[0,T]. 

Next, we define the stochastic process by the following linear interpo¬ 

lation, 

qW _ I + (^i+1 “ /,N 

St — X[o,ti](D + -7—- z - 


i=l 


L+1 ti 


where we set t^+i = T. Observe that the stochastic process is continuous and 
adapted to the Brownian filtration. Since 


StT 


G {l,e^e "}, 


it follows from 
(6.19) 

Set, 


(j6.16l) that (for e snfhciently small) 


Mf - S, 


w 


< (k + 10e)Sf 


w 


r—1 


tG [o,r]. 


sr 


+ ^rxk..T](i), i e [o,r]. 

2 = 0 
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Clearly, the processes and S have the same distribution and and consequently, 
(6.20) = Eq[G(5)], 

Ep^[(7(5lf)AA(5lf+ 1)] = E^[q{ST)AA{ST + l)]- 

Also, (16.181) and (|6.20l) imply that 

Epw [q{SY) A A{S^ + l)]<2e + CN + B, 

where B is given in Definition [521 Therefore, there exists a constant G (which does 
not depend on e > 0 and A > 1) such that EpwiS^f < G. This together with the 
Kolmogorov inequality for the martingale yield that 

p"' (||S"'II >;);)< P"" (||M"'II > nrrirw:) ^ 

Epw [M^{1 + k + 10e)v^] < G(1 + k + 10e)^v^. 

Observe that by construction 115^ — 5^|| < dells'll!. Thus from Assumption 12.11 
it follows that 


Epw [|G(^^) - G(5^)|] < Epw 

< (A:G(1 + k + 10e)2 + 4L)Ve. 


Similarly for path dependent fi we have 

Epw[\MS^) - MS^)\] < (2|l/,||ooG(l + K + 10e)2 + 4L)v7 

where 11 /i 11 oo is the uniform bound of the path dependent claim \fi\. Since 

then for non path dependent fi we have a trivial estimate. We now use these 

inequalities together with (16.181) and (16.201) . to construct a constant G satisfying. 


( 6 . 21 ) 


Epw[G(5'^)]-Eq[G(§)] <CVe, 

Epw[/,(5’^)] -Eq[/,(S)]| < G^, i<N-l, 

Eq [q{S^) A A{S^ + 1)] - Eq USt) a A{St + 1)1 < Cyfe. 


Third step: Let xa be the solution of the equation q{x) = A{x + 1) where 
we assume that A > q{0) so the equation has exactly one solution. Indeed (if by 
contradiction) we have two solutions 0 < x < y then 


q{y) - q{x) ^ ^ ^ q{x) - q{0) 
y — X X 

and we get contradiction to convexity. Define the stochastic processes by, 
pt := Mt := Epw(Mf A ptxaI^D, 


and 

„_ Mt t + (T — t)pQ/Mo 


Pt 


T 


te [o,T]. 
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In view of (|6.2ip . 

( 6 . 22 ) Epw 






< 2 Epw 


oW 

XS^ 


>XA 


<jE^[qiS^)AAiS^ + l)] 

2(C'\/e + /Ln + B) 

A ■ 


< 


Thus |Mo — Pol = \Mo — M^\ < Ci/A for some constant Ci. This together with 
(I6.19|) implies that for sufficiently large A we have the following inequality, 


(6.23) 


\Mt — ‘S'tl < ( K + lOe + 


Va 


St, tG[0,T]. 


Next, consider the martingale 


mt := Epw 


M 


w 


T X[mW >pj,xa} 


W 


, te[o,r]. 


Observe that 0 < — Mt < mt, t S [0,T]. Thus we obtain that there exists a 

constant C 2 such that 

(6.24) ||S''^ - S\\ < \M^ - M\\ sup — + ||M|| sup 

0<t<T Pt 0<t<T 


[T — t)po/Mo 
Pt 


Tpt 


<2\\m\\ + ^\\M^\\. 

The Kolmogorov inequality and (I6.22|) imply that 

P'^ (||m|| > 1 /Va) < Cg/v/A 
for some constant C 3 . Moreover, 


P^ (\\M^\\ > \/a) < 


< 


From (16.241) we conclude that 


j,W 


||5'^-5||> 


Va ~ Va' 


2 + C 2 \ , 2 + C 3 


Va 


< 


Va ■ 


Thus from Assumption 12.21 it follows that 

(6.25) Epw [|G(5^) - G(S')|] < 

for some constant G 4 . Similarly for path-dependent ft we get 


(6.26) 


Erw[\Ms^) - MS)\] < ^. 


For non path-dependent ft, i < N we have 

( 6 . 27 ) Epw[\f,{S^) - /,( 5 )|] < LEpw[\S^ - 5 t |] 

< LEpw Xs^>XA 
L{C^ + Cn + B) 


< 


A 



























Duality with Transaction Costs 


29 


where the last inequality follows from (16.2211 . The only remanning delicate point is 
i = N. From the fact that St = A a ;a we get 

Epw [g(S'T)] < Epw [q{S^) A A{S^ + 1)]. 


This together with (16.2111 . (16.2311 and (I6.25I1 - (I6.27I1 yields that for sufficiently large 
A and small e > 0 the distribution of {S,M) on the space O := x is an 

element \n Ai~ ,r r Furthermore, 


Epw [G(5')] 

We now use (I6.13|l . to obtain 


Eq[G(S)] <GVi + 


Va' 


1A(G) <T(e2^ + e-l) 


G2 ^ C4 


sup 


Eo[G(§(i))]. 




Finally we apply Lemma [6.11 and take the limits A —>■ 00 , e J, 0, k I k, £i J, £i, 
i < N. The result is 

K(G)< sup Eq[G(S(i))]. 

This concludes the proof of the lemma as well as the proof of the main result. □ 
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